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The rare decays B0 → K∗0µ+µ− and Bs → φµ+µ− are now being observed with enough pre-
cision to test Standard Model predictions. A full understanding of these decays requires accurate
determinations of the corresponding hadronic form factors. Here we present results of lattice QCD
calculations of the B → K∗ and Bs → φ form factors. We also determine the form factors relevant
for the decays Bs → K∗`ν and Bs → K¯∗0`+`−. We use full-QCD configurations including 2 + 1
flavors of sea quarks using an improved staggered action, and we employ lattice non-relativistic
QCD to describe the bottom quark.
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I. INTRODUCTION
The weak decay of one flavor of quark to another of the
same charge is relatively rare. It is much more likely for
a bottom quark to decay to a charm or an up quark than
to a strange or a down quark. For example, the decay
B¯0 → K¯∗0µ+µ− is 100 times rarer than B¯0 → ρ+µ−ν¯µ
[1, 2]. In the context of the Standard Model, this is un-
derstood by the absence of flavor-changing neutral cur-
rents (FCNCs) in the Lagrangian; b → s decays occur
only at the one-loop level. If the Standard Model is
viewed as only the lowest order of a low-energy effective
field theory, an approximation to a more complete theory
“beyond the Standard Model” (BSM), then one would
expect FCNCs to appear as higher-dimension operators
in the effective Lagrangian. It is natural to hope that the
loop-suppression of FCNCs in the Standard Model will
provide an opportunity to discover and probe effects due
to BSM physics.
The study of bottom quarks decaying to strange quarks
is now experimentally possible and is becoming more pre-
cise. In particular, the quantity and quality of exper-
imental measurements of exclusive b → s decays have
increased greatly and will continue to do so as the LHC
experiments analyze their current data and then begin to
take more in the next run.
This paper describes lattice QCD calculations of the
form factors parametrizing hadronic matrix elements
governing exclusive semileptonic and radiative decays of
the B and Bs mesons to light vector mesons. Due to
the formulation we use, our results are most accurate
when the final-state meson recoils softly, the so-called
low-recoil or large q2 regime. Corresponding experimen-
tal measurements have been reported over the past few
years, mostly studying B → K∗`+`− [3–12], but also
Bs → φµ+µ− [13]. The data are presently being com-
bined with theoretical and phenomenological calculations
in order to test the Standard Model and to constrain
classes of BSM models [14–18]. The constraints on coef-
ficients in effective Hamiltonians depend on the certainty
with which we know B → K∗ (and related) form factors.
The full decay B → K∗(→ Kpi)µ+µ− is useful phe-
nomenologically since a full angular analysis is described
by up to 24 observables [14, 15, 19–23]. Recently, some
authors have found significant discrepancies, or “anoma-
lies”, compared to the Standard Model [24, 25], while
others conclude that the Standard Model is still a good
fit to global data [26–29]. The improvement made here
in determining the form factors may aid future analyses.
The same short-distance physics underlies the decays
B → K`+`− [3, 5, 6] and Λb → Λ`+`− [30, 31]. These
are not the subject of the present calculation, but un-
quenched LQCD results for the relevant form factors have
recently appeared [32–34]. Comprehensive analysis of ob-
servables in each of these decays may be necessary to
obtain a full picture of BSM contributions.
The B → V form factors have been computed using
lattice QCD, but only in the quenched approximation
[35–41]. The calculation we present here removes this
approximation by using “full QCD” gauge-field ensem-
bles; the effects of up, down, and strange sea quarks
are included using an improved staggered quark action.
These ensembles were generated and made public by the
MILC Collaboration [42]. In addition we improve upon
previous work by computing a large statistical sample of
correlation functions and by using nonrelativistic QCD
(NRQCD) to treat the b quarks.
In Sec. II we review the construction of the b→ s effec-
tive Hamiltonian in order to set the notation and put in
context the present lattice QCD calculation. Section III
contains the computational details: a description of the
correlation functions from which we determine the form
factors, a brief summary of lattice actions and parameter
values, and an overview of the analysis methods used. We
describe in Sec. IV our fits to the shape of the form fac-
tors taking into account lattice spacing and quark mass
effects, to the extent that these can be seen given the
statistical uncertainties. Our final results are given in
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2Sec. V along with discussion of systematic uncertainties.
Conclusions are given in Sec. VI. While the main motiva-
tion for this work is the study of b→ s decays, the form
factors describing the b → u decay Bs → K∗`ν and the
b→ d decay Bs → K¯∗0`+`− are also computed, with the
results given in the Appendix.
Preliminary form factor results have appeared in sev-
eral conference proceedings as we tested formulations and
methods for improving the precision of the numerical
data [43, 44]. In another paper we investigate the phe-
nomenological consequences of the improved form factor
determinations for B0 → K∗0µ+µ− and Bs → φµ+µ−
observables [45].
II. THEORETICAL FRAMEWORK
Since the form factors calculated in this paper will be
most useful in studies of b → s decays, we briefly re-
view the theoretical framework for describing them. At
hadronic energies of a few GeV, b → s decays are gov-
erned by the effective Hamiltonian [46–51]
Hb→seff = −
4GF√
2
V ∗tsVtb
∑
i
CiOi . (1)
In principle, over 20 local operators Oi could appear in
the sum in (1). The Wilson coefficients Ci depend on the
details of the high-energy electroweak theory and must
be computed within that theory or determined exper-
imentally. In the Standard Model, presently our best
candidate theory of weak interactions, the Wilson coef-
ficients have been calculated to very good accuracy [52–
54]. The operators which dominate short-distance effects
in b→ s`` decays are
O9 =
e2
16pi2
s¯γµPLb ¯`γµ`
O10 =
e2
16pi2
s¯γµPLb ¯`γµγ
5` (2)
and the electromagnetic dipole operator
O7 =
mbe
16pi2
s¯σµνPRb Fµν (3)
where PL/R =
1
2 (1 ∓ γ5) and σµν = i2 [γµ, γν ]. Long-
distance effects arise from multiple sources, one of the
most important being the production of charmonium res-
onances via current-current operators
O1 = s¯
αγµPLc
β c¯βγµPLb
α
O2 = s¯
αγµPLc
α c¯βγµPLb
β (4)
where α and β are color indices. Theoretical and phe-
nomenological work has been done which suggests long
distance effects could be small if the momentum trans-
ferred to the dilepton pair
√
q2 is significantly less than
[55, 56] or larger than [57, 58] the J/ψ or ψ′ masses. Re-
cently, however, the charmonium resonance ψ(4160) has
been seen in the decay B+ → K+µ+µ− with a branch-
ing fraction enhanced by interference effects [59]. The
extent to which resonances above open-charm threshold
inhibit studies of short-distance physics is an open issue
requiring further investigation.
The separation between low- and high-energy in (1) de-
pends on an energy scale. The perturbative matching be-
tween the effective Hamiltonian and the Standard Model
(or any BSM extension) is done at µmatch = mW , then
the renormalization group equations are used to deter-
mine the Wilson coefficients at the scale µ = mb relevant
for the matrix elements of the operators Oi [54].
Traditionally form factors governing the decays of a
pseudoscalar meson to a vector meson (via b → q cur-
rents) are defined through the following expressions (with
momentum transfer q = p− k)
〈V (k, ε)|q¯γµb|B(p)〉 = 2iV (q
2)
mB +mV
µνρσε∗νkρpσ (5)
〈V (k, ε)|q¯γµγ5b|B(p)〉 = 2mVA0(q2)ε
∗ · q
q2
qµ + (mB +mV )A1(q
2)
(
ε∗µ − ε
∗ · q
q2
qµ
)
− A2(q2) ε
∗ · q
mB +mV
[
(p+ k)µ − m
2
B −m2V
q2
qµ
]
(6)
qν〈V (k, ε)|q¯σµνb|B(p)〉 = 2T1(q2)µρτσε∗ρpτkσ (7)
qν〈V (k, ε)|q¯σµνγ5b|B(p)〉 = iT2(q2)[(ε∗ · q)(p+ k)µ − ε∗µ(m2B −m2V )]
+ iT3(q
2)(ε∗ · q)
[
q2
m2B −m2V
(p+ k)µ − qµ
]
. (8)
3Above, ε(k, s) denotes the polarization vector of the final-state meson with momentum k and spin polarization s. We
compute correlation functions which do not project out definite polarizations of the final-state vector meson. The
amplitude we obtain from correlator fits is of the form (with j = 1, 2, 3)∑
s
εj(k, s)〈V (k, ε(k, s))|q¯Γb|B(p)〉 . (9)
As a consequence we find it difficult to directly isolate A2 and T3 form factors. Instead we obtain results for the form
factors
A12(q
2) =
(mB +mV )
2(m2B −m2V − q2)A1(q2)− λA2(q2)
16mBm2V (mB +mV )
(10)
T23(q
2) =
mB +mV
8mBm2V
[(
m2B + 3m
2
V − q2
)
T2(q
2)− λT3(q
2)
m2B −m2V
]
(11)
where we have introduced the conventional kinematic variable λ = (t+− t)(t−− t), with t± = (mB±mV )2 and t = q2.
Therefore the main results of this paper are determinations of the seven linearly independent form factors V , A0, A1,
A12, T1, T2, T23. In addition, we also quote the following linear combinations, which, together with A0, A12, T23,
form the helicity basis:
V±(q2) =
1
2
[(
1 +
mV
mB
)
A1(q
2)∓
√
λ
mB(mB +mV )
V (q2)
]
(12)
T±(q2) =
1
2m2B
[
(m2B −m2V )T2(q2) ∓
√
λT1(q
2)
]
. (13)
The benefits of using the helicity basis in constraining Standard Model physics and searching for new physics have
been discussed recently [60, 61].
III. DETAILS OF THE CALCULATION
A. Correlation functions
We use local interpolating operators ΦB ∼ ψ¯q′γ5Ψb
and ΦV ∼ ψ¯q′γjψq to annihilate B and V mesons, re-
spectively. At leading order in ΛQCD/mb in the lattice-to-
continuum matching (see details in Sec. III C), the renor-
malized b→ q currents are
J A = ZΓA ψ¯qΓAΨb (14)
where ΓA is a 4× 4 Dirac matrix. For later convenience
we use the abbreviated index A = 0, k, 05, k5, [0`], [k`],
[0`]5, [k`]5 to correspond to ΓA = γ0, γk, γ0γ5, γkγ5,
σ0`, σk`, σ0`γ5, σk`γ5, respectively, where k, ` ∈ [1, 2, 3].
Sometimes we will refer to pairs of terms using, e.g., µ ∈
[0, 1, 2, 3].
With these operators, we compute several correlation
functions which project onto hadrons with specific mo-
menta. We ultimately extract form factors from three-
point functions of the form
CJ (p,k, τ, T ) =
∑
y,z
〈ΦV (0)J (y)Φ†B(z)〉
× eik·y−ip·(y−z) (15)
where τ = |y0| and T = |z0|. (We suppress Lorentz
indices here and later in this subsection to avoid clut-
tered expressions. Generally there is an index associated
with the component of vector meson spin and one or two
more indices due to the vector or tensor operator in the
three-point function. For simplicity, expressions here and
below define the origin to coincide with an interpolating
operator; in the computation we place the source loca-
tion randomly within a specific time slice.) We also need
the B and V two-point correlation functions,
CBB(p, τ) =
∑
y
〈ΦB(0)Φ†B(y)〉eip·y
CV V (k, τ) =
∑
y
〈ΦV (0)Φ†V (y)〉eik·y (16)
in order to divide the three-point functions (15) by fac-
tors associated with the interpolating operators. In the
limit of large Euclidean-time separations between the me-
son interpolating operators and the current insertion,
only the lowest-energy states contribute to the correla-
tion functions,
CJ (p,k, τ, T ) → A(J )e−EV τe−EsimB (T−τ)
CBB(p, τ) → A(BB)e−EsimB τ
CV V (k, τ) → A(V V )e−EV τ . (17)
Since we use NRQCD for the heavy quark, the en-
ergy appearing in the heavy-meson correlation functions,
EsimB , contains an energy shift, as we explain further in
Sec. III B.
4TABLE I: Parameters of the MILC 2+1 AsqTad gauge field
configurations used in this work. r1/a values come from Ref.
[42]. We take r1 = 0.3133(23) fm from Ref. [62].
Ens. # N3x ×Nt uP amsea` /uP amseas r1/a a−1(GeV)
c007 2109 203 × 64 0.007/0.05 2.625(3) 1.660(12)
c02 2052 203 × 64 0.02/0.05 2.644(3) 1.665(12)
f0062 1910 283 × 96 0.0062/0.031 3.699(3) 2.330(17)
From the ground-state amplitude we obtain the matrix
elements necessary for computing the form factors,
A
(J )
j =
√
ΞV ΞB
4EV EB
∑
s
εj(k, s)〈V (k, ε)|J |B(p)〉 . (18)
The coefficients are extracted from the ground-state
amplitude of two-point correlation functions A(BB) =
ΞB/(2EB) and A
(V V )
j = ΞV /(2EV )
∑
s ε
∗
j (k, s)εj(k, s).
For convenience later, let us denote the matrix elements
we extract by
MAj =
∑
s
εj(k, s)〈V (k, ε)|J A|B(p)〉 . (19)
In the B rest frame the kinematic variable λ is equal
to 4m2B |k|2 and the longitudinal polarization of the cur-
rent is given by ε0(q
2) = (|q|, q0q/|q|)/
√
q2. We obtain
the form factors from the matrix elements (19) using the
following relations (j is not summed over in the formulae
below, although we do average the data over all equiva-
lent directions):
V =
i(mB +mV )
2mB
(0µjρkρ)
−1Mµj (no µ sum) (20)
A0 = − mV
2kjmBEV
qµMµ5j (21)
A1 = − 1
mB +mV
Mj5j for kj = 0 (22)
A12 = −
√
q2
8mB
|k|
kjEV
ε∗0,µ(q)Mµ5j (23)
T1 = − 1
2mB0µjρkρ
qνM[µν]j (no µ sum) (24)
T2 = − i
m2B −m2V
qνM[jν]5j (25)
T23 = − imV (mB +mV )
4EV kjmB
ε∗0,µ(q) qνM[µν]5j . (26)
B. Lattice actions
We used a subset of the MILC collaboration gauge-field
configurations [42, 63]. These lattice ensembles were gen-
erated using the Symanzik-improved gauge action (with
TABLE II: Valence quark parameters, including the fourth-
root of the plaquette, uP , and the mean Landau-gauge link
uL.
Ensemble # uP am
val
` /uP am
val
s uP amb n uL
c007 16872 0.007/0.04 0.8678 2.8 2 0.836
c02 16416 0.02/0.04 0.8678 2.8 2 0.837
f0062 15280 0.0062/0.031 0.8782 1.95 2 0.8541
coefficients determined through O(αs)) [64, 65]. Effects
due to 2 + 1 flavors of dynamical fermions were included
using the O(a2) tadpole-improved (AsqTad) staggered
quark action [66–70]. The fourth-root procedure was
used to account for the multiple tastes present in stag-
gered fermion formulations (e.g. see [71, 72]).
We chose the subset listed in Table I in order to vary
both the up or down sea quark mass msea` and the lat-
tice spacing a. We chose two ensembles (c007 and c02)
with a common, coarse lattice spacing on which to test
quark mass dependence and one ensemble (f0062) with
a fine lattice spacing which has approximately the same
Goldstone pion mass as on the c007 ensemble. A calcu-
lation of B → pi`ν form factors on a similar subset of
MILC lattices [73] found very mild quark mass depen-
dence and no statistically significant dependence on the
lattice spacing. Since the signal-to-noise ratio is much
worse for correlation functions involving vector mesons
in place of pseudoscalar mesons, we chose to invest our
computational effort in obtaining a large statistical sam-
ple on these three ensembles rather than including more
ensembles. As will be shown in Sec. V, this set of con-
figurations is sufficient given the other sources of uncer-
tainties.
We use the same action (AsqTad) for the light and
strange valence quarks as was used in the configuration
generation. After inverting the staggered Dirac opera-
tor, we convert the staggered fields to four-component
“naive” fields for use in the interpolating operators and
currents [74]. On each configuration we computed eight
light and strange quark propagators yielding more than
15000 measurements on each ensemble. Precise figures
are given in Table II. (In fact, we compute correlation
functions forward and backward in Euclidean time and
average the results together. Counting these as indepen-
dent would double the number of measurements quoted.)
The eight point sources are evenly distributed on four
time slices with a random offset for the locations on each
configuration in order to reduce correlations.
For the heavy quark, we use lattice NRQCD [75]. The
specific form of the action is the same O(v4) action as
was used in earlier work by the HPQCD collaboration
(e.g. [73]). Because we make use of an effective field the-
ory to treat the b quark, the net energy of a B meson is
obtained by adding a contribution associated with the b
quark mass to the energy of the B meson in the Monte
Carlo calculation Esim. For a B meson with spatial mo-
5mentum p relative to the lattice rest frame,
aE(p) = aEsim(p) + Cv . (27)
The additional term is renormalized by interactions:
Cv = Zm amb + aE0 . (28)
(At tree level, Zm = 1 and E0 = 0.) The multiplica-
tive and additive renormalization constants have been
computed perturbatively [76]; however, we can determine
them nonperturbatively from Monte Carlo calculations of
hadron dispersion relations using [77]
Cv =
a2p2 − a2[E2sim(p)− E2sim(0)]
2nQa[Esim(p)− Esim(0)] (29)
where nQ is the number of heavy quarks in the hadron.
We spin-average Cv over ηb(1S) and Υ(1S) states with
momentum |p| = 2pi/(aNx). We find consistent results
if we use |p| = 4pi/(aNx), and both agree with the per-
turbative determination. Within the 0.15% statistical
uncertainties, we find no dependence on the sea quark
mass. Central values for the coarse and fine lattices are
given in Table III.
In Table II we also give the tadpole improvement pa-
rameters uP , determined from the fourth root of the
mean plaquette, and uL, determined from the Landau-
gauge mean link; these values are used in the AsqTad and
NRQCD actions, respectively. In the table, n denotes the
NRQCD stability parameter.
In this work we consider only correlation functions with
the B meson at rest in the lattice frame. We investi-
gated the use of moving NRQCD to extend and improve
the kinematic range of the calculation [78], but we con-
cluded that it was more expedient to concentrate on a
high-statistics study with p = 0. We also investigated
the use of stochastic sources to improve the precision of
correlation functions [79]. For vector meson final states
we found it would be more efficient to use many local
sources, which could be used for any final state momen-
tum, instead of using many stochastic sources, each of
which would correspond to a distinct k [43]. In order to
improve the statistical signal for the B meson two-point
function we perform a 2× 2 matrix fit to correlators ob-
tained with both local and smeared sources and sinks.
C. Operator matching
We must match the currents involving NRQCD b
quarks and naive/staggered light quarks to the contin-
uum currents of interest. The matching of the leading-
order currents is such that
(q¯ΓAb)|cont .= J A = ZΓA(ψ¯qΓAΨb)|latt (30)
where the
.
= symbol means that the operators on either
side of the relation have the same matrix elements up
TABLE III: Heavy quark and heavy-light current renor-
malization constants (for the parameters as in Table II)
[73, 76, 80]. For the tensor current matching, the matching
scale is taken to be mb.
Coarse Fine
Cv 2.825 1.996
ρ(0) 0.043 −0.058
ζ
(0)
10 −0.166 −0.218
ρ(k) 0.270 0.332
ζ
(k)
10 0.055 0.073
ρ([0`]) 0.076 0.320
ζ
([0`])
10 −0.055 −0.073
ρ([k`]) 0.076 0.320
ζ
([k`])
10 −0.055 −0.073
to the stated accuracy. For the temporal (µ = 0) and
spatial (µ = k) components of the vector ΓA = γµ and
axial vector currents ΓA = γµγ5, we write
Zγµ = Zγµγ5 = 1 + αsρ
(µ) , (31)
where ρ(0) 6= ρ(k) because we use the NRQCD action.
(The remnant chiral symmetry of staggered fermions as-
sures the first equality.) The tensor matching coefficients,
i.e. for ΓA = σµν and ΓA = σµνγ5, are defined through
Zσµν = Zσµνγ5 = 1 + αsρ
([µν]) . (32)
The tensor current is not conserved; it runs logarithmi-
cally with a scale µ. This scale dependence is implicitly
included in the coefficient ρ([µν]) [80].
Higher dimension operators must be included at next-
to-leading order in the heavy-quark expansion. Denoting
the leading-order currents by JA0 = (ψ¯qΓ
AΨb)|latt, we
also compute matrix elements of the dimension-4 opera-
tors JA1 = − 12mb (ψ¯qΓAγ · ∇Ψb)|latt. The NLO matching
reads
J A = ZΓAJA0 + JA1 − αsζ(A)10 JA0 (33)
The last term in (33) accounts for the fact that matrix el-
ements of JA1 include not only the nonperturbative NLO
corrections of order ΛQCD/mb but also a perturbative
mixing-down with JA0 of order 1/amb. The matching (33)
neglects corrections of order αsΛQCD/mb and of order α
2
s.
Results for ρ(0) [76], ρ(k) [73], ρ([µν]) [80] are reproduced
in Table III, as are the mixing coefficients ζ
(A)
10 , provided
by private communication from E. Mu¨ller.
When we determine the currents to leading order in
O(ΛQCD/mb) (30) or next-to-leading order (33), we per-
form the matching at a scale q∗ = 2/a with the motiva-
tion that the truncated terms can be minimized by such
a choice [81]. Taking α
(3)
V (7.5 GeV) = 0.21 [82] and run-
ning to the lower scale 2/a gives αV of 0.30 and 0.24
on the coarse and fine lattices, respectively – these are
the values we used in the matching. Instead if we had
6chosen q∗ = 3/a, we would have used αV = 0.24 and
0.22 for coarse and fine lattices. Using the coefficients in
Table III, the variation in the matching due to q∗ uncer-
tainty is largest for the spatial components of vector and
axial vector currents, and is approximately 1%–2%. This
scale ambiguity is compatible with and smaller than the
net O(α2s) uncertainty we estimate another way below.
Since the vector and axial-vector currents are con-
served (or partially conserved) the procedure described
so far completes the matching in these cases. On the
other hand the tensor currents must be matched to the
scheme and scale used to compute the Standard Model
Wilson coefficients, the MS scheme at the scale mb. The
matching coefficients in Table III are already given for
µ = mb. A subtlety lies in the choice of coupling con-
stant and its scale. One choice we could make would be
to perform the matching consistently using this scale; i.e.,
we would use αMS(mb) = 0.21 in (30) and (33). However
past experience in evaluating q∗ using the BLM proce-
dure suggests this scale is higher than optimal and would
lead to enhanced α2s corrections. Instead we use the same
values for αV (q
∗) as for the vector and axial-vector cur-
rent matching. This means that we truncate terms like
α2s log(q
∗/mb). Nevertheless, choosing q∗ = 2/a instead
of mb as the matching scale should minimize the over-
all O(α2s) contribution, including those terms. To esti-
mate the systematic uncertainty due to choice of scheme
and scale for αs in the 1-loop matching, we note that
δαs = αV (q
∗) − αMS(mb) is 0.09 and 0.03 for the coarse
and the fine lattice spacings, respectively. Multiplying
δαs by the tensor current renormalization constants in
Table III indicates that this ambiguity in αs has about a
1% effect; again this is compatible with and smaller than
the net α2s-truncation error estimated as follows.
We assume the missing O(α2s) contributions in the
matching to have coefficients of approximately the same
order as the generic 1-loop coefficients; the largest of
these in Table III is ρ(k). Therefore we estimate the α2s
corrections to be suppressed by a factor of αs compared
to the αs terms, possibly with a coefficient up to 2 times
ρ(k). This yields an estimate of 4% for the total uncer-
tainty due to higher-loop contributions or ambiguities in
the current matching. This is the dominant systematic
uncertainty in the form factor calculation (see Sec. V for
further discussion).
D. Data analysis details
One source of systematic uncertainty that affects the
lattice determination of any matrix element or energy
is contributions to the correlation functions from excited
states; the interpolating operators create or annihilate all
states with the corresponding quantum numbers. There
is a trade-off between statistical error, which grows as
time separations are increased, and systematic error, if
the time separations are small enough that excited states
contribute. The fitting of correlation functions which use
naive or staggered fermions is further complicated by the
contributions of opposite-parity states which give sub-
dominant but non-negligible additive contributions of the
form Aosc(−1)τ/a exp(−Eoscτ) to the correlation func-
tions (17). We carried out two separate analyses with
different approaches in order to address these issues.
1. Frequentist fits
In the frequentist approach, we restrict our fits to
two exponentials (one non-oscillating and one oscillating)
for each propagating meson in the correlation functions.
Thus, simultaneous fits to the three correlators (17) in-
volve 14 parameters: the energies EsimB , E
osc
B , EV , E
osc
V ;
as well as two amplitudes for CV V : AV and A
osc
V ; four
amplitudes for the matrix fits to smeared and local cor-
relators CBB ; and four amplitudes Aee, Aeo, Aoe, Aoo for
the particular B → V three-point function CJ .
We improve the precision of the fit results by including
more precise correlators which involve a zero-momentum
pseudoscalar meson P (k = 0). The B → P three-point
function
CP,γ0(0,0, τ, T ) =
∑
y,z
〈ΦP (0)[ψ¯qγ0Ψb](y)Φ†b(z)〉 (34)
also depends on the energies EsimB and E
osc
B . Including
this precise data in the simultaneous fit further constrains
those energies and allows a more stable determination
of the other 12 fit parameters, even at the expense of
introducing new parameters to fit CP,γ0 : APee, APeo and
EP (there is no oscillating contribution from P (k = 0)).
In fact a further improvement is made by including the
two-point function
CPP (0, τ) =
∑
y
〈ΦP (0)Φ†P (y)〉 (35)
in order to further constrain EP with precise numerical
data.
The χ2 and Q statistics are used to judge goodness
of fit and correspondingly decide whether excited states
contribute to the numerical data being fit. The goal is to
find optimal values of cutoff separations {τmin} between
meson sources and sinks while not discarding the most
precise data. With five correlators being fit for each com-
bination of lattice spacing, quark mass, and final state
momentum, it is not practical to examine every com-
bination of {τmin} for each fit. Therefore we randomly
sample the space of fit ranges. For each source or sink,
we propose a range of reasonable values for τmin, using
the whole set of correlation functions, with T/a ∈ [11, 26]
on the coarse ensembles and T/a ∈ [15, 36] on the fine
ensemble. We randomly select among those ranges 500
sets of τmin values which are then used in 500 fits for each
CJ . The results of those fits are ranked to find the most
precise fits which have a Q value higher than 10% of the
maximal Q. (It is not sufficient to choose the fit with the
7TABLE IV: Meson masses (statistical uncertainties only). Physical values, given for reference, neglect isospin splittings as we
do in the Monte Carlo computations. Isospin-breaking effects in the form factors are negligible at the present level of precision.
The ηs is a fictional, pure s¯s pseudoscalar meson whose “physical” mass is defined using chiral perturbation theory and lattice
data [62, 83].
Ensemble mB (GeV) mBs (GeV) mpi (MeV) mK (MeV) mηs (MeV) mρ (MeV) mK∗ (MeV) mφ (MeV)
c007 5.5439(32) 5.6233(7) 313.4(1) 563.1(1) 731.9(1) 892(28) 1045(6) 1142(3)
c02 5.5903(44) 5.6344(15) 519.2(1) 633.4(1) 730.6(1) 1050(7) 1106(4) 1162(3)
f0062 5.5785(22) 5.6629(13) 344.3(1) 589.3(2) 762.0(1) 971(7) 1035(4) 1134(2)
physical 5.279 5.366 140 495 686 775 892 1020
highest Q since this is usually the result of discarding all
but the noisiest data.)
In order to incorporate the uncertainty in choosing
among the top five or so acceptable fit ranges, we vary
these ranges as we perform a second set of bootstrap fits.
These bootstrap fits are necessary to propagate uncer-
tainties taking into account correlations due to using the
same quark propagators to construct all the correlation
functions.
2. Bayesian fits
Our Bayesian approach to fitting correlation functions
follows Refs. [74, 84]. The number of exponentials in-
cluded in the fit functions is increased so that we can fit
data closer to the meson sources and sinks. Below we
will label the number of pure exponentials by N and the
number of oscillating exponentials (those with a prefac-
tor (−1)τ/a) by N˜ . Gaussian priors are introduced in
order to constrain those fit parameters which are uncon-
strained by the numerical data.
For the two-point functions, we first perform a fit with
N = 1 and N˜ = 1 (or 0) and a reasonably large τmin/a,
as in Sec. III D 1. We take the parameters from this fit
as the mean values for the corresponding Gaussian priors
used in the multi-exponential fits (where we set τmin/a
to be smaller). The widths of the priors are taken to be
5–10 times the uncertainties of the single-exponential fit.
For the excited state exponentials, we use the logarithms
of energy differences as fit parameters in order to fix the
ordering of the states. The priors for these parameters
are typically set to have mean −1 and width 1.
The three-point functions are fit simultaneously with
the corresponding two-point functions. When N and N˜
reach 4 or larger, the fit results for the ground state en-
ergies and amplitudes stabilize.
In the Bayesian fits we do not typically fit to the data
with all values of T/a. As more T are included in the
Bayesian fits, it takes tremendous time to finish the boot-
strap process (with 200 bootstrap samples, for example).
On the other hand, the fit results stabilize if three or
more values of T are included. Therefore, we typically
use three to seven different T values in our bootstrap
analysis of the simultaneous Bayesian fits. The range of τ
is usually between τmin/a = 2 and τmax/a = T/a−2. For
the light-light two-point functions, the fitted τ values are
usually between τmin/a = 2(4) and τmax/a = Nt − 2(4)
for the coarse (fine) lattice. For the heavy-light two-
point function, we use the data between τmin/a = 4(6)
and τmax/a = 31(47) on the coarse (fine) lattice.
3. Fit results
The comparison between the frequentist and Bayesian
analyses described above produced results which agree
or differ within 1–2 times the statistical and fitting un-
certainties. Where such differences appear, it is usually
the case that the energies determined by the frequentist
fits were about 1σ lower than those from the Bayesian
fits. This suggests that the Bayesian fits, which were re-
stricted to more limited set of T values, may have been
more subject to excited state contamination. Given the
flexibility of the frequentist fits to explore a wider va-
riety of fit ranges in Euclidean time we take these as
our main results, with the Bayesian fits giving important
cross-checks.
In Table IV we give the meson masses resulting from
fits to correlation functions as described above. Where
comparisons can be made, these agree with calculations
done by other groups on the same lattices with the same
parameters [63]. The masses indicate that the valence
strange and bottom quark masses are not precisely tuned
to their physical values. We estimate the resulting sys-
tematic errors in Sec. V.
In Fig. 1 we compare the form factors computed
with currents matched at leading order in ΛQCD/mb
(LO) to those which include next-to-leading order (NLO)
ΛQCD/mb-corrections in the currents. (Both LO and NLO
form factors are matched at 1-loop in αs.) The plots
are shown for Bs → φ decays since the statistical errors
are smallest, but the ratios are of comparable size for
B → K∗ and Bs → K∗ form factors, namely at most
7% away from unity. The statistical errors in the ratio
are very small because the ratio can be taken for each
bootstrap sample individually, taking correlations into
account. The significance of including NLO operators
is reduced when considering the absolute values of the
form factors and the results of fits to the form factor
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FIG. 1: Ratios ofBs → φmatrix elements computed with matching done through next-to-leading order in ΛQCD/mb (numerator)
vs. leading order (denominator). The top figure is for the c007 lattice and the bottom for f0062.
shapes as discussed in the next Section. Most results dif-
fer at or below the 1σ statistical-plus-fitting uncertainty.
Nevertheless we take the NLO-matched fits as our final
results, so the largest terms truncated from the matching
are O(α2s, αsΛQCD/mb, (ΛQCD/mb)
2).
In the Appendix we provide tables of form factor re-
sults on each lattice for several final-state momenta. We
also tabulate corresponding values for useful kinematic
variables. In general these raw lattice results still need
to account for dependence on light quark mass. In the
next section we describe our fits to the kinematic shape
and quark mass dependence of the lattice data.
IV. FORM FACTOR SHAPE
Since exclusive semileptonic branching fractions can
precisely determine CKM matrix elements, there is a size-
able body of work discussing accurate parametrizations
for form factor shapes [85–102]. The method we use here
is based on the simplified series expansion [99], modified
to account for lattice spacing and quark mass dependence
[103].
Using t = q2 and t± = (mB(s) ±mV )2, one constructs
a dimensionless variable which is small,
z(t, t0) =
√
t+ − t−√t+ − t0√
t+ − t+√t+ − t0 . (36)
The t0 parameter simply shifts the origin and can be
chosen to minimize |z| over the q2 range of interest. For
9TABLE V: Mass differences (in MeV), between the initial
state and pertinent resonance, used in the function P (t,∆m).
Form factor B → K∗ Bs → φ Bs → K∗
A0 87 0 −87
V , T1 135 45 −42
A1, A12, T2, T23 550 440 350
simplicity we use t0 = 12 GeV
2 throughout this paper.
One might try to optimize the choice of t0 to make the
series expansion in z converge most quickly [102]; how-
ever, we see no discernible in our final results if t0 is
varied by several GeV2. After removing any poles due
to bound-state resonances, the form factors are repre-
sented by a power series in z. One can introduce ad-
ditional coefficients to account for lattice spacing and
mass dependence [103]. Therefore, we fit the form factors
F = V,A0, A1, A12, T1, T2, T23 to the following form:
F (t) =
1
P (t; ∆m)
[1 + b1(aEF )
2 + . . .]
∑
n
andnz
n (37)
where the pole factor is given as
P (t; ∆m) = 1− t
(mB(s) + ∆m)
2
. (38)
Changing the numerical value of t0 by a few GeV
2 sim-
ply results in a compensating shift in the an, without
significantly affecting the values of the fit function F (t).
The mass of the resonance used as input to the fits is
taken to be a fixed splitting (in physical units) above the
initial state meson mres = mB(s) + ∆m. The value of
∆m depends on the lowest lying resonance contributing
to a particular form factor. The values we use are given
in Table V. Fits have been redone, varying these ∆m
values by 20% and this has no effect on the final results
for the form factor curves (although the fit parameters
vary to compensate for the change in ∆m).
The dependence of the form factor on the quark masses
is taken into account by the dn terms
dn = [1 + cn1∆x+ cn2(∆x)
2 + . . .
+ cn1s∆xs + cn2s(∆xs)
2 + . . .] (39)
with ∆x = (m2pi −m2pi,phys)/(4pifpi)2 and ∆xs = (m2ηs −
m2ηs,phys)/(4pifpi)
2 acting as proxies for the differences
away from physical u/d and s quark masses, respec-
tively. We use fpi = 132 MeV and the pseudoscalar meson
masses displayed in Table IV.
Our data for the separate B → K∗, Bs → K∗, and
Bs → φ form factors are computed with constant, some-
what mistuned values of the strange quark mass. We can
estimate the dependence on the valence strange quark
mass by performing a simultaneous fit which treats the
B → K∗ and Bs → K∗ form factors as calculations of
the Bs → φ form factors using a very mistuned specta-
tor or offspring quark mass. Departures from the physi-
cal strange mass are parametrized in terms of the corre-
sponding pseudoscalar meson mass:
∆y =
1
(4pifpi)2
(
m2offspr −m2ηs,phys
)
∆w =
1
(4pifpi)2
(
m2spect −m2ηs,phys
)
. (40)
For example, ∆y = ∆w ≈ 2%(4%) for the Bs → φ form
factors on the coarse (fine) lattice. In the case of B → K∗
form factors, ∆y ≈ 2%(4%) for the coarse (fine) lattice
and ∆w ≈ −8% to −13% depending on the “light” quark
mass. These values are swapped when considering Bs →
K∗ decays.
We obtain good fits to all the data for a particular form
factor F using the following ansatz:
F (t; ∆y,∆w) =
1
P (t)
[a0 (1 + f01∆y + g01∆w) + a1z] .
(41)
Results of the fits for the form factors V , A0, A1, A12, and
T23 are given in Table VI. (The tables of fit results also
give matrix elements C(p, q) of the correlation matrix.
These are related to covariance matrix elements σ(p, q)
by C(p, q) = σ(p, q)/(σpσq), with σ(p, p) = σ
2
p.) Fits
were also performed allowing a1z to be multiplied by a
factor (1 + f11∆y + g11∆w); however, the data do not
constrain the parameters f11 and g11.
Our final results for the form factors are obtained by
separately considering the form factors with specific ini-
tial and final state combinations. In each case we use the
following function to fit form factor F (t)
F (t) =
1
P (t)
[a0(1 + c01∆x+ c01s∆xs) + a1z] . (42)
The parameter describing the strange-quark mass depen-
dence c01s is included in the fit with a Gaussian prior
using the results in Table VI: c01s = f01 for the B → K∗
form factors, c01s = g01 forBs → K∗, and c01s = f01+g01
for Bs → φ. In the last case, the width for the c01s prior
is taken by combining the f01 and g01 uncertainties in
quadrature. The parameters a0, a1, and c01 are not con-
strained by priors. We find the lattice spacing depen-
dence to be negligible when we include the parameter b1
in fits of the form (37), therefore we do not include this
parameter in our final fits. The results, including correla-
tion matrices, are given in Table VII for 5 of the B → K∗
form factors and Table VIII for 5 of the Bs → φ form fac-
tors. (See the Appendix for Bs → K∗ form factors.)
We have an extra piece of information about the T1(q
2)
and T2(q
2) form factors, namely the kinematic constraint
that they equal each other at q2 = 0. We implement this
by performing a combined eight-parameter fit, with each
form factor parametrized as in (42), and adding to the
χ2 function a term [aT10 − aT20 + (aT11 − aT21 )z0]2/10−8,
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TABLE VI: Fit results (with correlation matrices) determin-
ing the dependence of form factors on the strange quark mass.
P (t)V (t)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.5386(196)
a1 −1.85(35) 0.95
f01 1.069(112) −0.66 −0.60
g01 −0.047(134) −0.34 −0.21 0.17
P (t)A0(t)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.5538(181)
a1 −1.48(32) 0.96
f01 0.420(80) −0.44 −0.41
g01 −0.163(144) −0.44 −0.30 0.42
P (t)A1(t)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.2984(70)
a1 0.158(99) 0.97
f01 0.841(52) −0.67 −0.65
g01 −0.053(78) −0.20 −0.09 0.17
P (t)A12(t)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.2057(71)
a1 0.406(124) 0.97
f01 0.151(91) −0.35 −0.36
g01 −0.599(137) −0.19 −0.10 0.29
P (t)T23(t)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.5167(113)
a1 0.389(187) 0.97
f01 0.476(44) −0.59 −0.62
g01 −0.321(102) −0.25 −0.12 0.03
where z0 = z(0, 12 GeV
2). As with the other form fac-
tors, we first determine the parameters governing the
strange-quark mass dependence by a joint fit to Bs → φ,
B → K∗, and Bs → K∗ form factors (Table IX). Those
parameters are then included in the eight-parameter fit,
the results of which appear in Tables X and XI (and the
Appendix).
We obtain values for χ2 per degree-of-freedom close
to 1 for all the fits to form factor shape. Nevertheless,
we have experimented with including terms correspond-
ing to the parameters c11 and c02, using Gaussian priors
to prevent the fits from diverging. As we found with
including a b1 parameter in the fit, the data clearly do
not constrain these parameters. The fit returns a value
and error for these parameters corresponding to the prior
mean and width, for narrow and wide Gaussians. The χ2
of the fit is unaffected by including or excluding terms in
this way.
V. DISCUSSION OF RESULTS AND
SYSTEMATIC UNCERTAINTIES
In this section we present our main results and dis-
cuss the systematic uncertainties in our calculations of
the form factors. We compare our results to other deter-
minations.
The results of the fits for the meson masses in Table IV
indicate that the heavy quark mass has been tuned so
that the B and Bs masses are 5% too heavy. In the
mB → ∞ limit the form factors scale like [104] (also
[57])
V,A0, T1, T23 ∝ m1/2B
A1, A12, T2 ∝ m−1/2B . (43)
Therefore, we compensate for this error due to the mb
mistuning by scaling the central values of the form fac-
tors by 0.976 (V , A0, T1, T23) and 1.025 (A1, A12, T2).
The remaining error is suppressed compared to (43) by a
factor of ΛQCD/mb; i.e. the remaining mb mistuning error
is well below 1% and is treated as negligible compared to
other uncertainties.
The B → K∗, Bs → φ, and Bs → K∗ form factors
have been fit to the form given in Eq. (42). All fits have
been done after compensating for the mistuning of the
heavy quark mass. The results for B → K∗ and Bs → φ
are tabulated in Tables VII–XI, along with their corre-
lation matrices. Figures 2 and 3 show the form factor
fits, along with the lattice data. These tables and curves
constitute our final results. Data points corresponding to
the physical limit can be obtained from the fits by setting
∆x = 0 and ∆xs = 0 in Eq. (42). The corresponding ta-
bles and plots for Bs → K∗ form factors appear in the
Appendix. In order to aid comparison with other work,
a table in the Appendix gives numerical results for the
form factors in the physical limit at a few fiducial values
of q2.
In Figs. 2 and 3 we also plot results from light-cone
sum rules (LCSR) [93] with a uniform 15% error band
[14]. There have also been LCSR calculations of the
B → K∗ form factors using B meson distribution am-
plitudes [56]; these are in agreement but quote larger
uncertainties so we only display their q2 = 0 points. The
agreement between the LQCD and LCSR results is gen-
erally good. The T23 form factors extracted from Ball
and Zwicky are notable exceptions. It is likely that 15%
is an underestimate of the LCSR uncertainty in this lin-
ear combination of the T2 and T˜3 form factors calculated
by Ball and Zwicky. We, however, are not in a place to
better estimate their uncertainties, so we interpret the
15% error band in our paper in a weaker sense than a
1σ range. Propagating the uncertainties in T2 and T3
determined by Khodjamirian et al. as uncorrelated leads
to large uncertainties in T23, even if the central values
are in good agreement with our results. The V form fac-
tors for Bs → φ and Bs → K∗ also appear to disagree
with extrapolations of our lattice data to large recoil.
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TABLE VII: Results and correlation matrices of fits to B →
K∗ form factors.
P (t; 135MeV)V (t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.496(67)
a1 −2.03(92) 0.86
c01 1.38(1.49) −0.79 −0.41
c01s 1.066(112) −0.04 −0.00 0.02
P (t; 87MeV)A0(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.469(61)
a1 −2.11(88) 0.86
c01 2.46(1.27) −0.76 −0.39
c01s 0.421(80) −0.02 0.00 0.02
P (t; 550MeV)A1(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.286(24)
a1 0.19(28) 0.94
c01 1.07(53) −0.68 −0.42
c01s 0.841(52) −0.02 0.01 0.02
P (t; 550MeV)A12(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.216(27)
a1 0.32(38) 0.91
c01 −0.12(97) −0.65 −0.33
c01s 0.151(91) −0.03 0.00 0.02
P (t; 550MeV)T23(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.520(45)
a1 −0.00(63) 0.84
c01 −0.07(65) −0.59 −0.11
c01s 0.474(44) −0.02 0.00 0.02
One possibility is that a z2 term is necessary to fit both
results.
Our extrapolation of B → K∗ form factors T1 and T2
agrees with the latest quenched lattice QCD results for
the q2 = 0 value of T1(0) = T2(0) [39] (see Fig. 2). Form
factors have also been predicted using a relativistic quark
model [105, 106].
Fig. 4 shows the results for the form factors V± and
T±. Note in these cases, the fits are not done directly
to the data; instead the curves are the results of linearly
combining the fits in Tables VII–XI.
The uncertainties in the fit parameters reflect both sta-
tistical fluctuations and effects due to quark mass extrap-
olation. The inclusion in the fits of a term to account
for finite lattice spacing effects had no significant effect
on the results. It is evident from the figures that the
data from ensemble f0062 and c007 show little system-
atic difference. Therefore we assume that errors due to
discretization are not significant compared to the statis-
tical and fitting uncertainties.
In Table XII we summarize our estimates for other
sources of systematic uncertainties. The largest of these,
at 4%, is due to the truncation of O(α2s) terms in the
perturbative matching from lattice NRQCD to the con-
TABLE VIII: Results and correlation matrices of fits to Bs →
φ form factors.
P (t; 45MeV)V (t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.452(30)
a1 −2.40(50) 0.80
c01 2.80(1.04) −0.69 −0.18
c01s 0.998(175) −0.14 −0.03 0.07
P (t; 0MeV)A0(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.525(21)
a1 −1.63(39) 0.83
c01 0.81(52) −0.38 0.13
c01s 0.248(164) −0.13 0.04 0.06
P (t; 440MeV)A1(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.2803(113)
a1 0.121(150) 0.92
c01 1.01(29) −0.64 −0.33
c01s 0.768(94) −0.10 −0.01 0.07
P (t; 440MeV)A12(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.2098(115)
a1 0.447(186) 0.92
c01 −0.18(41) −0.57 −0.25
c01s −0.435(163) −0.10 0.03 0.06
P (t; 440MeV)T23(t)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.5194(157)
a1 0.51(25) 0.88
c01 0.02(24) −0.48 −0.08
c01s 0.186(110) −0.13 0.03 0.10
tinuum, as discussed in detail in Sec. III C.
In the previous section we have already discussed our
determination of the strange quark mass dependence of
the form factors. Whether or not we interpolate the form
factors to the physical strange quark mass we obtain fit
results consistent within errors. Since we use the inter-
polated values, the remaining uncertainty due to mis-
tuned strange quark mass is negligible compared to other
sources of uncertainty.
Partial quenching effects due to different sea and va-
lence strange quark masses should also be negligible.
This is clear in the pseudoscalar sector where one can
use partially quenched chiral perturbation theory to pre-
dict the size of such effects; sea quark mass effects arise
at one-loop order while valence quark masses affect tree-
level diagrams. Given that even the leading order linear
mass dependence in the B → V form factors is barely
significant statistically the form factors are assumed to
be insensitive to the “loop-suppressed” effects of partial
quenching for the strange quark mass.
Our calculation of Bs → φ form factors neglects dis-
connected contributions to the φ propagator. The OZI
rule suggests such effects, due to pair annihilation and
creation of the valence strange quark–antiquark pair, are
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FIG. 2: B → K∗ form factors. Data points for the three ensembles of lattice gauge fields appear in black. The fit of the
lattice data to the function of Eq. (42), extrapolated to the physical quark mass limit, is shown as a solid curve, with statistical
(pale) and total (dark) error bands. For comparison, the LCSR results of [93] are shown with a 15% uncertainty (hatched
band) [14]. We also display q2 = 0 LCSR results from [56] as gray stars (central values shifted slightly so that error bars
are symmetric); the errors have been propagated as uncorrelated for A12 and T23 possibly resulting in overestimates of the
corresponding uncertainties. In the lower left plot, the quenched lattice QCD result for T1(0) = T2(0) [39] is displayed as a
gray triangle.
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FIG. 3: Bs → φ form factors, as in Fig. 2.
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FIG. 4: Curves describing helicity basis form factors V±(q2) and T±(q2) form factors for B → K∗ (top) and Bs → φ (bottom).
Data points represent the linear combinations (13) computed on each ensemble. The curves are obtained by using the fit results
in Tables VII–XI in the physical quark mass limit, with statistical (pale) and total (dark) error bands shown.
TABLE IX: Fit results (with correlation matrix) determining the dependence of T1 and T2 form factors on the strange quark
mass.
p Value C(p, aT10 ) C(p, a
T1
1 ) C(p, f
T1
01 ) C(p, g
T1
01 ) C(p, a
T2
0 ) C(p, a
T2
1 ) C(p, f
T2
01 )
aT10 0.4434(50)
aT11 −1.140(61) 0.74
fT101 1.224(61) −0.28 −0.01
gT101 −0.249(85) −0.18 0.21 0.07
aT20 0.3039(43) 0.94 0.91 −0.18 0.00
aT21 0.390(62) 0.91 0.95 −0.12 0.05 0.98
fT201 0.750(38) −0.49 −0.38 0.21 −0.18 −0.49 −0.43
gT201 −0.093(47) 0.04 0.12 0.13 0.35 0.04 0.13 −0.07
small for vector and axial-vector mesons.
One question is still left to be addressed: are there
any significant quark mass-dependent effects in the form
factors as the quark masses are tuned to their physical
values so that the vector mesons become unstable in the
lattice calculations? In the case which can be studied
in heavy-meson chiral perturbation theory, the B → D∗
form factor at zero recoil hA1(1), one finds a cusp at the
15
TABLE X: Results and correlation matrix of the fit to B → K∗ form factors P (t; 135MeV)T1(t) and P (t; 550MeV)T2(t). The
fit implements the constraint that T1(0) = T2(0).
p Value C(p, aT10 ) C(p, a
T1
1 ) C(p, c
T1
01 ) C(p, a
T2
0 ) C(p, a
T2
1 ) C(p, c
T2
01 ) C(p, c
T1
01s)
aT10 0.422(24)
aT11 −1.37(25) 0.48
cT101 0.71(85) −0.75 0.05
aT20 0.2830(197) 0.86 0.81 −0.43
aT21 0.10(24) 0.82 0.86 −0.37 0.91
cT201 0.45(46) −0.51 −0.32 0.39 −0.64 −0.32
cT101s 1.223(61) −0.03 0.02 0.01 −0.01 −0.01 0.00
cT201s 0.750(38) −0.00 0.00 0.00 −0.01 0.01 0.01 0.00
TABLE XI: Results and correlation matrix of the fit to Bs → φ form factors P (t; 45MeV)T1(t) and P (t; 440MeV)T2(t). The
fit implements the constraint that T1(0) = T2(0).
p Value C(p, aT10 ) C(p, a
T1
1 ) C(p, c
T1
01 ) C(p, a
T2
0 ) C(p, a
T2
1 ) C(p, c
T2
01 ) C(p, c
T1
01s)
aT10 0.4070(104)
aT11 −1.093(119) 0.22
cT101 1.48(59) −0.67 0.36
aT20 0.2890(81) 0.78 0.73 −0.22
aT21 0.265(97) 0.74 0.78 −0.18 0.89
cT201 0.66(24) −0.48 −0.33 0.25 −0.69 −0.33
cT101s 0.974(105) −0.12 0.06 0.02 −0.03 −0.04 0.00
cT201s 0.658(48) −0.01 −0.02 −0.00 −0.05 0.01 0.03 0.00
TABLE XII: Estimates of systematic uncertainties. Effects
due to light quark mass dependence and lattice spacing de-
pendence are included in the statistical fitting uncertainties.
Source Size
Truncation of O(α2s) terms 4%
Truncation of O(αsΛQCD/mb) terms 2%
Truncation of O(Λ2QCD/m
2
b) terms 1%
Mistuning of mb < 1%
Net systematic uncertainty 5%
TABLE XIII: B → K∗ form factor ratios. Statistical uncer-
tainties were determined by bootstrap analysis.
Ensemble |n|2 V/A1 A12/A1 T1/T2 T23/T2
f0062 1 2.83(17) 0.70(4) 2.25(10) 1.89(7)
2 2.62(19) 0.69(6) 2.13(14) 1.84(12)
4 2.2(3) 0.69(10) 2.0(2) 1.9(3)
c007 1 2.70(13) 0.62(9) 2.16(12) 1.8(2)
2 2.74(20) 0.79(11) 2.13(17) 2.2(3)
4 2.5(4) 0.75(16) 2.2(4) 1.9(3)
c02 1 2.57(13) 0.64(4) 2.16(11) 1.73(5)
2 2.4(3) 0.62(5) 2.03(14) 1.67(13)
4 1.8(4) 0.73(11) 1.7(3) 2.0(2)
TABLE XIV: Bs → φ form factor ratios. Statistical uncer-
tainties were determined by bootstrap analysis.
Ensemble |n|2 V/A1 A12/A1 T1/T2 T23/T2
f0062 1 2.83(7) 0.635(18) 2.23(7) 1.77(4)
2 2.49(9) 0.636(19) 1.96(6) 1.74(3)
4 2.28(12) 0.73(10) 1.80(8) 2.0(3)
c007 1 2.67(7) 0.627(19) 2.10(5) 1.72(4)
2 2.48(12) 0.59(3) 1.97(11) 1.69(4)
4 2.2(3) 0.65(5) 1.61(19) 1.80(11)
c02 1 2.67(8) 0.597(18) 2.11(8) 1.69(2)
2 2.65(16) 0.60(3) 2.06(11) 1.61(9)
4 2.2(2) 0.62(3) 1.76(15) 1.68(8)
quark mass corresponding to the Dpi threshold which is
about a 2% effect [107, 108]; the cusp is even smaller
taking into account staggered quark effects [109].
Of course this observation does not constitute a reliable
estimate of the systematic uncertainty due to Kpi or KK
thresholds. However, we do note that the form factors,
extrapolated to low q2, generally agree with determina-
tions from light-cone sum rules which have systematic
errors of a different nature. Given that the φ is rela-
tively narrow compared to the K∗, one might expect the
threshold effects to be smaller for Bs → φ form factors
than for B(s) → K∗. In order to make progress, more
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TABLE XV: Fit results and correlation matrices determining
dependence of form factor ratios on strange quark mass.
V/A1 × P (t,∆mV )/P (t,∆mA1)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 1.679(97)
a1 −10.38(1.73) 0.96
f01 0.321(172) −0.16 −0.16
g01 0.31(23) −0.11 −0.00 0.13
A12/A1
p Value C(p, a0) C(p, a1) C(p, f01)
a0 0.687(39)
a1 0.92(68) 0.98
f01 −0.590(133) −0.09 −0.10
g01 −0.41(22) −0.11 −0.03 0.24
T1/T2 × P (t,∆mT1)/P (t,∆mT2)
p Value C(p, a0) C(p, a1) C(p, f01)
a0 1.4847(128)
a1 −5.315(141) −1.00
f01 0.230(145) 0.18 −0.18
g01 −0.232(198) −0.09 0.09 0.07
T23/T2
p Value C(p, a0) C(p, a1) C(p, f01)
a0 1.650(75)
a1 −1.75(1.36) 0.98
f01 −0.264(79) −0.43 −0.40
g01 −0.244(163) −0.16 −0.05 0.29
TABLE XVI: Results and correlation matrices of fits to B →
K∗ form factor ratios. The fit of T1/T2 has been constrained
to enforce T1(0)/T2(0) = 1.
V/A1 × P (t, 135MeV)/P (t, 550MeV)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 1.89(28)
a1 −8.7(4.4) 0.83
c01 −1.33(1.23) −0.35 0.18
c01s 0.321(172) −0.04 −0.00 0.01
A12/A1
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.848(154)
a1 1.5(2.2) 0.93
c01 −1.59(87) −0.46 −0.14
c01s −0.589(133) −0.02 0.01 0.02
T1/T2 × P (t, 135MeV)/P (t, 550MeV)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 1.530(52)
a1 −5.62(55) −1.00
c01 −0.18(87) −0.82 0.82
c01s 0.231(145) −0.09 0.09 0.01
T23/T2
p Value C(p, a0) C(p, a1) C(p, c01)
a0 2.15(26)
a1 1.9(3.8) 0.93
c01 −1.52(49) −0.36 −0.03
c01s −0.263(198) −0.06 0.02 0.07
TABLE XVII: Results and correlation matrices fits to Bs → φ
form factor ratios. The fit of T1/T2 has been constrained to
enforce T1(0)/T2(0) = 1.
V/A1 × P (t, 45MeV)/P (t, 440MeV)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 1.646(165)
a1 −10.7(2.6) 0.90
c01 0.34(82) −0.53 −0.16
c01s 0.64(29) −0.10 0.01 0.05
A12/A1
p Value C(p, a0) C(p, a1) C(p, c01)
a0 0.683(54)
a1 0.26(87) 0.92
c01 −0.86(49) −0.38 −0.04
c01s −0.91(25) −0.07 0.05 0.05
T1/T2 × P (t, 45MeV)/P (t, 440MeV)
p Value C(p, a0) C(p, a1) C(p, c01)
a0 1.472(34)
a1 −5.43(39) −1.00
c01 0.15(66) −0.85 0.85
c01s −0.01(24) −0.24 0.24 0.05
T23/T2
p Value C(p, a0) C(p, a1) C(p, c01)
a0 1.730(95)
a1 −1.26(1.68) 0.92
c01 −0.56(33) −0.25 0.11
c01s −0.448(178) −0.08 0.05 0.09
TABLE XVIII: Form factors ratios subject to Isgur-Wise re-
lations.
B → K∗ Bs → φ
Ensemble |n|2 V/T1 A1/T2 V/T1 A1/T2
f0062 0 · · · 0.999(12) · · · 0.994(10)
1 1.25(5) 0.99(3) 1.26(2) 0.988(17)
2 1.22(5) 0.99(6) 1.26(4) 0.991(17)
3 1.21(4) · · · 1.23(2) · · ·
4 1.12(11) 1.01(7) 1.25(7) 0.99(3)
c007 0 · · · 0.97(5) · · · 1.051(10)
1 1.30(4) 1.04(4) 1.318(19) 1.036(15)
2 1.34(10) 1.04(3) 1.31(5) 1.040(18)
3 1.33(9) · · · 1.34(5) · · ·
4 1.12(20) 0.98(5) 1.42(16) 1.04(4)
c02 0 · · · 1.046(15) · · · 1.044(9)
1 1.24(8) 1.04(3) 1.33(6) 1.046(11)
2 1.22(9) 1.03(5) 1.34(9) 1.04(3)
3 1.25(10) · · · 1.32(10) · · ·
4 1.10(17) 1.03(9) 1.29(12) 1.02(3)
theoretical work is necessary to understand how to use
LQCD to compute matrix elements involving unstable
resonances.
In some phenomenological studies ratios of form fac-
tors have been used or extracted from data [18, 28]. Here
we provide tables of the lattice data and simplified series
expansion fits directly to several ratios, so that correla-
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tions may properly be taken into account. For the ratios,
the fit function is simply generalized from (42) in order
to take into account the poles in both numerator and
denominator:
F1(t)
F2(t)
=
P2(t)
P1(t)
[a0(1 + c01∆x+ c01s∆xs) + a1z] . (44)
Monte Carlo data for form factor ratios are given in Ta-
bles XIII and XIV for B → K∗ and Bs → φ, respectively.
The fit results describing the dependence on the strange
quark mass appear in Table XV. The fits to the shapes of
the form factor ratios are given in Tables XVI and XVII
for B → K∗ and Bs → φ, respectively.
VI. REMARKS AND CONCLUSIONS
As Figs. 2 and 3 show, the form factors calculated from
lattice QCD at low recoil appear broadly consistent with
light cone sum rule determinations at large recoil. The
fits to the lattice data included only constant and linear
terms in z, after removing the pole factor. The pres-
ence of a z2 term, not necessary to fit the lattice data,
would affect the extrapolation of lattice results to low q2.
One possibility would be to fit both lattice and sum rule
results to obtain a parametrization of the form factors
over the whole physical range of q2 (e.g. as in Ref. [102]).
However, given that short-distance physics can only be
isolated well away from sharp resonances q2 < m2J/ψ and
q2 > m2ψ′ one might choose to use the lattice results for
low recoil observables and sum rule results for large re-
coil observables. If it is possible to obtain precise data
in the range m2J/ψ < q
2 < m2ψ′ , well separated from the
resonances, then a combination of lattice and sum rule
results would be well motivated.
In addition to providing results useful as inputs to
Standard Model (or BSM) predictions for observables,
we can consider ratios of form factors which test the ac-
curacy of the heavy quark expansion. To leading order
in ΛQCD/mb, the one-loop improved Isgur-Wise relations
[104] are
V
T1
= κ and
A1
T2
= κ , (45)
where [14, 57]
κ = 1 − 2αs
3pi
log
µ
mb
. (46)
In our calculation, the tensor form factors are quoted
with µ = mb. The lattice data for these ratios are tabu-
lated in Table XVIII. We note that the O(ΛQCD/mb) cor-
rections to (45) are rather large for V/T1 at about 25%,
while significantly smaller for A1/T2, less than 10%.
The calculations presented in this paper improve on
what is known about the B → V form factors, espe-
cially at large q2, which corresponds to the kinematic
range accessible on the lattice. Effects of dynamical up,
down, and strange quarks are included, allowing us to
move beyond the previous quenched determinations of
the B → V form factors. These earlier studies also
extrapolated results in heavy quark mass from charm-
scale simulations, while NRQCD permits us to calcu-
late form factors directly in the bottom quark sector
with presently accessible lattice spacings. We performed
a high-statistics study in order to combat the poorer
signal-to-noise effects present with vector meson correla-
tion functions. In order to improve upon our calculation,
the uncertainty due to the current matching must be re-
duced, and calculations with lighter quark masses and a
finer lattice spacing should be done.
The implications of the lattice QCD calculations pre-
sented here are the subject for another paper [45]. There
we present results for B → K∗µ+µ− and Bs → φµ+µ−
observables at low recoil, both for the Standard Model
and beyond. It may be interesting to combine results
from lattice and light cone sum rules in order to deter-
mine the form factors over the whole kinematic range.
Whether this would aid the search for BSM effects in
rare b decays remains to be seen.
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TABLE XIX: Form factors parametrizing B → K∗ vector and
axial-vector matrix elements.
Ensemble |n|2 V A0 A1 A12
f0062 0 · · · · · · 0.647(13) · · ·
1 1.61(6) 1.60(6) 0.57(3) 0.399(15)
2 1.40(5) 1.44(5) 0.53(4) 0.37(2)
3 1.23(7) 1.36(9) · · · 0.37(2)
4 1.13(14) 1.10(9) 0.52(5) 0.36(3)
c007 0 · · · · · · 0.61(2) · · ·
1 1.59(8) 1.38(15) 0.59(3) 0.36(5)
2 1.55(12) 1.48(12) 0.57(3) 0.45(6)
3 1.51(13) 1.1(2) · · · 0.31(17)
4 1.16(17) 0.99(14) 0.46(5) 0.34(5)
c02 0 · · · · · · 0.653(12) · · ·
1 1.60(8) 1.72(7) 0.622(18) 0.40(3)
2 1.39(13) 1.36(7) 0.58(3) 0.36(2)
3 1.27(8) 1.34(8) · · · 0.36(4)
4 0.92(18) 1.17(13) 0.51(5) 0.37(4)
TABLE XX: Form factors parametrizing B → K∗ tensor ma-
trix elements.
Ensemble |n|2 T1 T2 T23
f0062 0 · · · 0.648(14) · · ·
1 1.29(5) 0.58(2) 1.09(3)
2 1.15(5) 0.54(3) 0.99(5)
3 1.02(5) · · · 0.94(5)
4 1.00(9) 0.51(5) 0.96(8)
c007 0 · · · 0.63(4) · · ·
1 1.23(6) 0.57(2) 1.01(13)
2 1.16(9) 0.55(2) 1.21(19)
3 1.14(9) · · · 0.7(4)
4 1.05(17) 0.47(5) 0.86(13)
c02 0 · · · 0.624(14) · · ·
1 1.29(6) 0.596(15) 1.03(2)
2 1.14(6) 0.56(3) 0.93(4)
3 1.01(6) · · · 0.91(5)
4 0.82(13) 0.49(4) 0.96(7)
APPENDIX: DATA TABLES AND Bs → K∗ FORM
FACTORS
In Tables XIX and XX we give the B → K∗ form
factors computed on each lattice ensemble. For each en-
semble, as listed in Table I, we compute matrix elements
with the K∗ momentum equal to k = 2pin/aNx, with
n = (0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1), (2, 0, 0) and their
rotational equivalents. There are some blank entries in
the tables: in our scheme for extracting the form fac-
tors from Eq. (20)–(26), some form factors cannot be
extracted when k = 0, and A1 and T2 cannot be isolated
without having some component of k equal to 0. For ref-
erence, in Table XXI we also provide the K∗ energies, q2
values, and the numerical value for z(q2, t0 = 12 GeV
2).
Tables XXII and XXIII give the lattice results for the
Bs → φ form factors, and Table XXIV give the kine-
matic values.
The decay Bs → K∗`ν occurs at tree level in the Stan-
dard Model, so its precise measurement and comparison
to the Standard Model is less likely to reveal physics be-
yond the Standard Model. In fact the Bs → K∗ form
factors may become useful in future analyses of b → d
decays using the mode Bs → K¯∗0`+`−. We have calcu-
lated the same set of form factors for Bs → K∗ exactly
in the manner described for B → K∗ and Bs → φ in the
main body of the paper, simply by changing the quark
masses appropriately. In Table XXV we give the data
obtained for the Bs → K∗ form factors for vector and
axial-vector matrix elements. We also give the tensor-
current form factor data in Table XXVI. The data and
corresponding fits are shown in Fig. 5. For reference, we
also provide a table of the kinematic variables used in the
fits (Table XXVII) and a table of the Bs → K∗ form fac-
tor ratio data (Table XXVIII). Tables XXIX and XXX
give the final fit parameters and correlation matrices for
the seven Bs → K∗ form factors.
Finally, in order to facilitate comparison between our
results and others, we provide final results for the form
factors at a few values of q2 in Table XXXI. In this ta-
ble we have combined in quadrature the 5% systematic
uncertainty with the statistical and fitting errors.
TABLE XXI: Kinematic variables for B → K∗ form factor
calculations.
Ensemble |n|2 EK∗(GeV) q2(GeV2) z(q2, 12 GeV2)
f0062 0 1.033(6) 20.66(5) −0.0795(7)
1 1.151(10) 19.33(10) −0.0655(10)
2 1.302(10) 17.73(9) −0.0497(9)
3 1.391(13) 16.71(11) −0.0401(10)
4 1.49(2) 15.64(17) −0.0305(15)
c007 0 1.031(9) 20.37(8) −0.0773(10)
1 1.176(11) 18.81(9) −0.0610(10)
2 1.296(18) 17.50(15) −0.0481(14)
3 1.391(18) 16.43(14) −0.0380(14)
4 1.50(3) 15.3(2) −0.0276(19)
c02 0 1.103(5) 20.12(4) −0.0709(5)
1 1.234(13) 18.70(9) −0.0570(9)
2 1.362(13) 17.33(10) −0.0443(10)
3 1.465(15) 16.21(12) −0.0342(9)
4 1.59(2) 14.93(18) −0.0234(15)
[1] Heavy Flavor Averaging Group, Y. Amhis et al., (2012),
arXiv:1207.1158.
[2] Particle Data Group, J. Beringer et al., Phys. Rev. D
86, 010001 (2012).
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